When a chain of N superconducting qubits couples to a coplanar resonator in a cavity, each of the qubits experiences a different dipole-field coupling strength due to the waveform of the cavity field. We find that this inhomogeneous coupling leads to a dependence of the qubit chain's ladder operators on the qubit-interspacing l. Varying the spacing l changes the transition amplitudes between the angular momentum levels. We derive an exact diagonalization of the general N -qubit Hamiltonian and, through the N = 4 case, demonstrate how the ldependent operators lead to a denser one-excitation spectrum and a probability redistribution of the eigenstates. Moreover, we show that the variation of l between its two limiting values coincides with the crossover between Frenkel-and Wannier-type excitons in the superconducting qubit chain.
I. INTRODUCTION
Superconducting quantum circuits have attracted considerable attention because of their capabilities (i) to demonstrate macroscopically the basic interaction of one "atom" and one photon in a cavity (e.g., [1, 2] ), (ii) to serve as a platfrom for testing many quantum optical phenomena (e.g., [3] [4] [5] [6] [7] ), as well as (iii) to show its potential as a basis for quantum information processing (e.g., [8] [9] [10] [11] ).
While research on single-qubit interactions are more common, many recent articles also studied multi-qubit interactions. Superconducting circuits with such interactions are also known as quantum metamaterials [12] . To be precise, the circuit system we consider here consists of a chain of N superconducting two-level qubits coupled to a photon mode in a superconducting coplanar waveguide resonator. Compared to the single-qubit version, it can manifest even more quantum phenomena, including plasma waves [13] , controllable collective dressed states [14] , and quantum phase transitions [15] [16] [17] [18] . It also promises potential for various applications, including quantum simulators [19] and quantum memories [20] .
Theoretical studies of multi-qubit interactions with a photon often employ the Dicke model [21] , where the Pauli operators are summed and transformed into a bosonic operator. In this approach, the chain of qubits is treated collectively as an atomic ensemble and the excited qubits are collectively regarded as one exciton mode. This theoretical simplification proves adequate when (i) the number of excitations in the system is low (in the so-called "one-photon" processes) and (ii) the number of qubits is large enough such that the interspacing L q between neighboring qubits can be ignored compared to the photon wavelength L p in the resonator (i.e., the qubits can be regarded as a continuum).
However, the question of how excitations arise in superconducting metamaterials when these two conditions are not met remains unanswered. In a realistic setting for a superconducting circuit, the number N of qubits present can range from one to, say, 10, but N would not be as large as the number of atoms we usually have for an alkaline atomic ensemble in an optical microcavity, which is typically greater than 10 5 . Therefore, the Dicke model, which treats N → ∞, does not apply well to the case of multi-qubit superconducting circuits with N ≤ 10.
When a chain of superconducting circuit qubits is arranged as a one-dimensional array (i.e., a superconducting qubit chain or SQC), each qubit is inhomogeneously coupled to the circuit photon mode. In other words, each qubit has a different coupling strength to the traversing photon field. This occurs naturally since, unlike its optical cavity QED counterpart, the photon wavelength L p is comparable to the qubit interspacing L q in a superconducting circuit. The coupling strength thus depends on the position of the qubit relative to the photon waveform. The effect of the varying coupling strength becomes even more obvious if multi-mode couplings are taken into consideration. For example, the qubits on the antinodes of the waveform will couple most strongly, whereas those on the nodes will not couple.
The first step to understand and characterize this inhomogeneously-coupled system (the aim of this article) is to obtain the energy spectrum of the collective excitation mode in the chain of qubits and to compare it with that of the Dicke model. We find that the inhomogeneity of the couplings incurs an algebraic deformation of the Pauli operators of the qubits [22] [23] [24] [25] . We quantify this deformation through a "deformation factor," which is a function of the relative spacing l = 2L q /L p , and characterize the amount the inhomogeneous system deviates from the homogeneous case. The deformation factor modifies the spin operators of the collective qubit chain. Consequently, the excitation spectrum will not only be a function of the eigenenergy of the photon mode and the qubit level spacing, but is also highly related to the deformation factor and hence the relative spacing l.
Note that when atoms are confined to a cavity, the magnetic or laser field that is exerted on them is uniform. The strength of the interaction can be uniformly increased or decreased according to the density of the atoms. This macroscopic viewpoint does not differentiate between the identities of the atoms. However, for circuit QED, the identities of the qubits are partially differentiated since the qubits can be categorized according to the values of their coupling strength to the photon mode. This partial differentiation has made understanding the inhomogeneous system a many-body physics question.
Our deformation algebraic approach here is a statistical approximation method that can be regarded as finding the average contribution of the coupling strength given by the SQC as a whole. In the end, the characterization (the excitation spectrum) of the SQC as an inhomogeneous system is not parametrized by the individual qubits, but by the relative spacing l. In other words, the spacing l is one extra degree of freedom peculiar to the inhomogeneous SQC, not seen in a homogeneous optical cavity.
We will first introduce the model and derive the deformation factor in Sec. II. With the deformation factor, new operation rules for the spin angular momentum operators are found by solving a difference equation in Sec. III. The general energy spectrum for n-qubit SQC is given in Sec. IV. We also derive in Sec. IV a one-excitation spectrum for a 4-qubit SQC as a nontrivial case to show the effects of the inhomogeneity. Namely, the energy splittings between the eigenstates of the deformed coupling case shrink, while the probability amplitudes of the eigenstates are redistributed such that higherphoton occupations are favored.
In the final Sec. V, we will consider how the collective excitations on the SQC would emulate the excitons in atomic lattices. In one limit, it becomes a Wannier-type exciton [26] , where the wave function of the excited level is localized on a single atom. In the opposite limit, it emulates a Frenkel-type exciton, which has an extended wave function across multiple atoms. Changing the degree of freedom l lets the emulated exciton undergo a crossover between these two types of excitons. This crossover depends on a (2N − 1)-th order trigonometric equation, whose solution corresponds to the asymptotic turning point from the deformed (inhomogeneously-coupled) SQC to the undeformed (homogeneously-coupled) SQC.
II. INHOMOGENEOUS COUPLING MODEL

A. Inhomogeneous coupling
For a finite number N of spins in the SQC, the problem discussed here is similar to the Tavis-Cummings (TC) model [27, 28] , where all the spins are grouped into a total "large" spin. However, the exactly solvable TC model applies only when the coupling is homogeneous and when the eigenfrequencies between the qubits and the photon mode are equal. When the coupling is inhomogeneous, the large spin does not obey the usual commutation relations of the Pauli matrices, which the TC-model assumes.
The new commutation relations of the large spin introduced by the inhomogeneity are pertinent to the deformed SU(2) Lie algebras. From these algebraic structures, we can establish a deformed dipole-field coupling model, of which the TC model is a special case. In the following discussion, we consider the typical case where the inter-qubit spacing is uniform. The coupling strength of each qubit to the photon field can, therefore, be written as a cosine function of a phase factor which is determined by the position jl of the j-th qubit, where j is the reduced coordinate and l is the relative spacing introduced above.
The situation is illustrated in Fig. 1(a) . A chain of qubits is sandwiched between the superconducting coplanar resonator and a superconducting ground strip. The photon mode providing different potential energies on the spins is shown by the red sinusoidal curve.
We use the operators {σ j,z } to denote Josephson junction qubits, and {a, a † } to denote the operators for the singlephoton mode. With the wave vector being the reciprocal of the photon field wavelength on the one-dimensional lattice, k = 2π/L p , the dipole-field coupling is of the form σ j,x (a cos(jπl) + h.c.). Under the rotating wave approximation, the Hamiltonian can be written as ( = c = 1)
(1) where ω q is the eigenenergy of the spins, ω 0 the mode frequency of the photon, and η the coupling amplitude.
To diagonalize the Hamiltonian in Eq. (1), we introduce the "large spin" operators: the magnetic moment or z-direction collective spin operator
which is no different from the homogeneous case, and the paired raising and lowering operators
which have the special sinusoidal dependence on l due to the inhomogeneity. The commutator of the paired ladder operators no longer equals to 2S z but has an additional term due to the cosine coefficients, i.e., [S + , S − ] = 2Σ z with
The detailed derivation is shown in Appendix A 1. Note that in the usual circuit QED system [2] , where only one spin is placed at midway, the spacing l equals to 2, for which the latter term in Σ z vanishes. This is the limiting case which corresponds to the Wannier type of excitation, where the set of spin operators retains the usual structure of an undeformed SU(2) algebra.
B. Deformed algebraic structure
When the second term of Σ z does not vanish, the algebraic structure is called deformed [22] [23] [24] [25] . In order to quantify the deformation, the commutator of the ladder operators needs to be expressed as a function of S z , i.e., Σ z = f (S z ). To find this function f , we consider an underlying manifold, on which there is a local point, say the origin 0, where we define a tangent space with the Pauli z-matrices {σ j,z } being its basis vectors, since these matrices are linearly independent. The operator S z , defined above with uniform coefficients, can be deemed a vector in this tangent space; the operator Σ z is then another vector dependent on the parameter l and is a deviation or deformation from S z . Thus, the first-order approximation of Σ z with respect to S z is its projection onto the vector S z . That is, since the cosine coefficients are bounded, we can use their Hilbert-Schmidt norm
and the Schmidt decomposition [29] to write Σ z = R N,l S z as a deformation of the original z-spin operator where
is the deformation factor (Cf. Appendix A 2 for this derivation). The commutator of the ladder operators can now be expressed as
where R N,l has a limiting value of one when l → 0 or l → ∞, for which the usual structure used in the TC model is retained. Since the deformation factor R N,l does not affect the commutation relations between the ladder operators and the zspin, the large-spin operators {S z , S + , S − } form a specific deformed algebra [22, 23] and not the more general type [24] . The Casimir operator
of the algebra, which equals to the undeformed spin momentum square,
z , for the homogeneous coupling case, is accordingly deformed. Through solving a recursive relation (Cf. Appendix A 3 for details), we find h(S z ) = R N,l (S 2 z + S z ) and hence
which shows that the spin momentum is reduced along the z-direction:
To visualize this reduction of the spin momentum, we can take a unit value for the spin moment and let the Casimir operator be represented by a unit sphere in 3-dimensional space for the undeformed case. With R N,l ≤ 1, the deformation would be an elongation of the unit sphere, along the z-axis, to an ellipsoid, while the x-and y-semi-minor axes remain unchanged, as shown in Fig. 1(b) .
III. OPERATION RULES
If we consider the unit sphere of Fig. 1(b) as a Bloch sphere on which the large spin prescribes its N levels, its elongation due to deformation will accordingly modify the transitions between the levels. Since the spin-up and the spin-down momenta do not change, which are still ω q N/2 and −ω q N/2, the narrow part of the ellipsoid effectively squeezes the transition probabilities.
More precisely, we consider an arbitrary eigenstate |r, m , for which
The ladder operators result in an (r, m)-dependent offdiagonal matrix element α 
See Appendix B for its derivation. Geometrically speaking, the deformation process is a homeomorphism with a redefined metric g = (1, 1, R N,l ) . Since R N,l ≤ 1, the metric norm is less than unity.
The deformation factor expressed in Eq. (7) is an oscillating function of l, where the sine in the numerator determines the period of oscillation and the sine in the denominator determines the period of the envelope. Therefore, the spin angular momentum of the SQC would be oscillating between the unit sphere and the ellipsoid, depending on the qubit spacing l. The plot of R N,l in Fig. 2(a) for an SQC of N = 30 qubits shows a typical case with envelop of period 1 and local minimum of 0.4. The function h(S z ) associated with this deformation factor is a parabola of the magnetic moment S z . For a nontrivial deformation R N,l < 1, this parabola flattens and the spin levels become denser. The curvature of the parabola decreases while its minimum value −R N,l /4 increases. As shown in Fig. 2(b) , the black (gray) arrow indicates the spin level r = 1/2 for the deformed R N,l = 0.4 (undeformed R N,l = 1) case of SQC. So varying l makes the curve h(S z ) oscillate between the boldened curves that correspond to R N,l = 0.4 and R N,l = 1, respectively. We can also observe that the level splittings are reduced, reflecting the elongated structure of the Bloch sphere in Fig. 1(b) and the modified operation rule of Eq. (16).
IV. DEFORMED SPECTRUM
Equipped with the modified operation rules, we can diagonalize the Hamiltonian in Eq. (1). First, we split the Hamiltonian into two parts
Let u be the number of total excitations and hence the eigenvalue of H 0 . Let n be the number of photons in the system such that the SQC magnetic moment is m = u − n. Let ν be the eigenvalue of the interaction part H 1 , whereω 0 = ω 0 −ω q . The eigenvector of the Hamiltonian can then be expanded as a superposition of different configurations of photon number and spin states:
The expansion coefficients c n satisfy a recursive relation [28] :
The solution reads
C n,p can be regarded as a probability amplitude contribution to the n-photon state from a set of corresponding qubit chain Table I : Configurations |n; r, m and probability amplitudes cn for the one-excitation spectrum of an SQC with N = 4 qubits and spacing l = 2/3. Each • indicates one photon while ↑ or ↓ denotes the spin state of each qubit. Here,ṽn = (v −ω0n)/η.
states indexed by p:
represents an index set of descending order {∀k < l : 0 ≤ j l ≤ j k − 2; 0 ≤ j 1 ≤ n − 2}. We can see from Eq. (21) that the operation rules discussed in the preceding paragraphs have made the probability amplitudes deformation-dependent, thus l-dependent. This will consequently lead to a redistribution of probabilities for different photon states. See Appendix C 1 for the derivation of these coefficients C n,p .
The simplest nontrivial example of this deformation effect can be seen in Table. I, where we consider the one-excitation (u = 1) spectrum of a four-qubit SQC with spacing l = 2/3. The deformation factor in this case is R N,l = 5/8. For a weakly coupled SQC with |ω 0 | ≫ η, the eigenenergies for the four levels are given by (Cf. Appendix C 2 for the derivation)
(23) For a deformation factor R N,l < 1, the splittings between these dressed levels are suppressed. In addition, if we substitute the value of v into the coefficients c n , we will find that c 1 is greater than that of the undeformed case, c 2 (c 3 ) increases by a greater proportion than c 1 (c 2 ), while c 0 remains equal to one. Therefore, the probability distribution shifts toward the end that favors states with greater number of photons and less degeneracy.
V. EXCITON CROSSOVER
If the spacing l is large (L q ≫ L p ), i.e., there are multiple photon wavelengths between two neighboring qubits, we can consider the excitation that the dipole-field coupling induces on a qubit to be localized on that qubit. Consequently, this type of excitation emulates the Wannier exciton on an atomic lattice. If l is small (L q ≪ L p ) with a single-photon wavelength extending over all the qubits, we can consider the excitation on the SQC to be delocalized. This type of excitation emulates the Frenkel's exciton model for molecular crystals. Note that when l tends to either zero or infinity in Eq. (5), Σ z falls back to S z and the regular SU(2) algebra for the commutators is obtained. Thus, it is justified that in the large-N limit, the low-energy excitation becomes bosonic for both Wannier and Frenkel excitons.
To determine when the emulated exciton crosses from Wannier-to Frenkel-type, we plot in Fig. 3 the deformation factor versus the reciprocal of the spacing over 10 −4 < l < 1, where we can see the asymmetry between the left edge (1/l → 0) for the Wannier limit and the right edge (1/l → ∞) for the Frenkel limit. Setting dR N,l /dl = 0, we obtain the trigonometric equation
Transforming Eq. (24) to
is the Chebyshev polynomial of the first (second) kind, we can observe that it is a (2N − 1)-th order polynomial equation. Hence, the curve has (2N − 1) local extrema in exactly (N − 1) oscillations from the Wannier end to the asymptotic Frenkel end. Between these two limits, the excitation has various degrees of deformation and the crossover is continuous. We can regard the crossover point to be the absolute minimum before the deformation factor asymptotically approaches one. This point approaches 0 when N → ∞. For the case illustrated in Fig. 3 with N = 1000, a numerical estimation gives the crossover at l = 7.16 × 10 −4 , or a length of 2800 spins per photon wavelength.
VI. CONCLUSION
We have studied the inhomogeneous coupling between a SQC and a superconducting coplanar resonator, which leads to a set of deformation-dependent operation rules of spin momentum. The modified rules correspond to tighter energy spacings and a shift of the probability distribution of spin levels. The inhomogeneous coupling also gives rise to different types (Frenkel and Wannier) of collective excitations on the SQC and the crossover between these types is determined by a polynomial equation of the qubit spacing l. The commutator of the ladder operators can be computed as follows
To use a consistent notation, we write the R.H.S. as 2Σ z and extract S z from the second term
which gives Eq. (5).
We can also check that other commutation relations are preserved
±σ j,± cos(jπl) = ±S ± , from which we conclude that the newly defined operators {S z , S + , S − } form a Polychronakos-Rocek type of deformed SU(2) algebra.
Deformation factor
First, we recognize that each qubit σ j,z has two orthonormal basis vectors {|e j , |g j } for a fixed relative coordinate j and hence {|ǫ k : |ǫ k ∈ {|e j , |g j , j = 0, . . . , N − 1}} forms an orthonormal basis for the Hilbert space H that spans all the qubits on the chain. Then S z for the original spin angular momentum and Σ z for that of the inhomogeneous SQC become operators on this Hilbert space H. Since the sinusoidal functions cos(jπl) are bounded, we can define the HilbertSchmidt inner product as
which equals to Eq. (6). We can then write the approximation of Σ z as a Schmidt projection on S z
where R N,l denotes the deformation factor. Its expression can be further simplified to
where the first line is derived by comparing the real parts in a summation of exponentials.
Casimir operator
The Casimir operator for the algebra is
where the second term satisfies a recursive relation [24] h
This relation leads to a solution composed of Bernoulli polynomials
where B 2 (−S z ) is the second-order Bernoulli polynomial with the operator S z as variable and B 2 is the second Bernoulli number. The Casimir operator becomes then
which equals to Eq. (10) and represents a deformed total spin operator S 2 .
Appendix B: Deriving operation rules
Assume the eigenstate of the z-spin momentum operator S z to be |r, m , that is, r(r + 1) denotes the total spin number and m the magnetic moment, for which Eqs. (12)- (13) Selecting the second and the fourth line, we arrive at a difference equation of m:
To solve the equation, we list out the iterations until the last entry where α (r)
−r−1 = 0 since −r is the minimum value m can take as the magnetic moment
Summing up all the iterations above, we have
which gives Eq. (16). We can verify this result by summing up instead of summing down, i.e., with the condition α (r) r = 0 and the iterations
we have, after adding them up,
which is the same as Eq. (B1).
such that vectors with the same total excitation number are grouped together, we find
Since ν is the eigenvalue of H 1 , we have
Then comparing Eq. (C2) with Eq. (C3), we deduce a difference equation In addition, from the definition of the ∆ function, n ≤ u + r.
Now write
and we have a simplified difference equation
To find the solution, we multiply each equation starting with C j by n k=jṽ n C nṽn − C n−1ṽnṽn−1 + (n − 1)ṽ n C n−2 α To find the analytical expression for C n , we recursively expand the factor C j C n = Q 0,n−1 − where j 1 . . . j k . . . j ⌊n/2⌋ is the index set described in Sec. IV. Finally, substituting the above expression back to the transformation Eq. (C4), we can obtain the coefficients of the excitation eigenvector as in Eq. (21).
One-excitation spectrum for a 4-qubit superconducting qubit chain
The state vector for the one-excitation 4-qubit SQC (u = 1, r = 2, and m ∈ {−2, −1, 0, 1}) can be written as |u, r = c 0 |0; 2, 1 +c 1 |1; 2, 0 +c 2 |2; 2, −1 +c 3 |3; 2, −2 .
If we assume c 0 = 1 as a common factor, the rest three coefficients can be written as After plugging in the expression according to Eq. (22), we obtain the expressions shown in Table. I. To find v, and hence the excitation energy, consider the difference equations
−1 ) 2 = 0
0 ) 2 = 0.
Since C 4 = 0 and C 1 =ṽ 0 C 0 , we derive from the last equation
0 ) 2
